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ABSTRACT 



Although organized transportat ior.i systems are very old indeed^ 
active research into their operations is relatively newo Some of the 
problems encountered In transportation research are discussed along 
with methods for their solutiono The Hitchcock distribution problem 
is discussed and a sample problem solved using three different methodSo 
The usefulness of graph theory in studying transportation problems is 
pointed out® Examples are then given of its use in a maximal network 
flow problem and in the problem of minimizing equipment requirements 
to meet a fixed scheduleo Final ly, some miscellaneous techniques are 
discussedo 

The writer wishes to express his appreciation for the guidance and 
encouragement given him by Professor Thomas Eo Oberbeck of the Uo So 
Naval Postgraduate School^, for the helpful suggestions of the second 
reader^, Professor Ho Co Ayers^ and for the careful clerical assistance 
provided by MrSo Norma Ao Stevens o 
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le the past decade research into t raBsportatlotfi'. probieioA has beeira 
greatly Intensifiedo Mach of this lesaarch has involved the application 
of the principles and techniques from a wide variety of mathematical 
disciplineso In this thesis we shall S'oimmarize some of the existing 
techniques and give examples of their applicabllityo 

Most of the research ve have foand reported has as its object the 
optimization of some featare of a transportation actlvityo Some examples 
ares minimizing costs^ relieving congest long minimizing eqaipment re- 
qairementSg establishing economical maintenance schednleSy minimizing 
loading and anloading times* Usually the methods reported are directed 
at solving a problem of a particular trariSportatlon activity such as a 
railroad or an airline* But much ©f the research has been sufficiently 
general to be widely applicable* The tendency t© generalize models is 
prevalent* For 'examp le^, a researcher may seek to minimize the number 
of *^units** required to maintain a fixed schedule* ®®Unlt s"'' may then be 
interpreted by a railroad as boxcars or trains;, by an airline ^ aa air- 
planes; and by a shipping company ^ as tankers or freighters* 

Transportation systems of any appreciable size are extremely 
complex entities and may defy analysis in many respects* Researchers 
turn to mathematical of the systems they wish to analyze and 

build into the modal the degree of detail or generality necessary to 
give significant results* This practice has resulted in the application 
of a great many mathematical techniques to problems in transportation* 

The techniques and disciplines which have been used include „ linear pro- 
grammlngj) transhipment and assignment t tchniqueSc) non-linear and dynamic 
prog ramming quauing^ or waiting line th#o>ry, graph theory^ and the Monte 



Carlo method* 
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In oar research for this paper we hay-e to«md a great dsal. of mater- 
ial on transportation type problems in the following publications » The 
Jouirna 1 of the Operations Research Society of Am^rixa^, Manafe'ement Science ^ 
Naval Research Logistics Quarterly ^ and others listed In bibliographies 
at the end of each chaptero Groups we have found to be particularly 
active in transportation research include The Rand Corporation^ Santa 
Monica^ California^ the George Washington University Logistics Research 
Project; The Cargo-Handling Research Project at the University of Calif- 
ornia at Los Angelas; The Management Sciences Research Group c, Purdue 
University; to name only a fewo 

Professor Fo Harary of the University of Michigan has done a consider- 
able amount of research in graph theory j, which is a directly supporting 
disciplineo He is co>-author of a new bock on this subject which is due 
to appear in 1960o This book will be the first full treatment of this 
subject in Englisho 

As an indication of the direction in which current research is tend- 
ings point to Rand report R-351 which giveSj^ in abstract fooriy the pro- 
ceedings of **The Rand S 3 nmposium on Mathematical Programming''* c In his 
address to the opening session of this symposium^ Go B^o Dantzig cited the 
five following theoretical areas as those in which future developments 
are expected:^ 

(1) Special Structures 

(2) Discrete Programming 

(3) Network Theory 

(4) Mon-linaar Programming 

(5) Uncertainty 

It is anticipated that transportation theory will be one of a great 
many beneficiaries of developments in these areas e 
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In arranging various types of t larispo-z^tatitn probler.s into groups 
for the ensuing discussion we were, of necessitv,. a bir arbitrary c We 
have presented in detail only a few of the more widcily used techniques 
and have made reference to otherSo We have tried to present a reason- 
ably complete bibliography at the end of each chapter o 

In Chapter I we have stated and discussed some methods for the 
solution of the Hitchcock distribution proble-m,, both with and without 
capacity limltationSo These are essentially linear prograimnlng pro- 
blemSo In Chapter II we have indicated the applicability of linear graph 
theory to transportation problems and general network problems o In 
Chapters III and IV we have we have discussed In some detail two problems 
that illustrate the applicability of graph theory to tiansportatlon 
problems o In Chapter V we have cited sevei'al examples of other techniques 
and the problems to which they have been appliad^ Speclficailyj^ we have 
discussed queuing theoryj, simulation^, and straight forward engineering 
analysis including the: difficult and time consuming task of data gather- 
ing « 
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CHAPTFR I 



THE TRAJ^SPORTATION PROBlEf: IN LINEAR PROGRAM>!ING 
lo The Hitchcock DistribiuitioB Froblemo 

The problem to be disctassed in thiis chapter was originally stated 
in 1941 by Fo L<> Hitchcock and was fusrther discussed and elaborated 

by To Co Koopmans Qp 1 « The problem may be stated as tollowss Certain 



amount Sg 



= 1. 



pm)j) of a homogenaous product are a^j'ailable at 



each of m origins^ and certain amounts b , 

J 



at each of n destinations o The cost, 



'ij 






(j ss lj)oooj>n) are required 
of shipping a unit amount 



t h t h 

from the i origin to the j destination Is known for all i and jo 
We will further stipulate ^ The problem is to select the 

i j 



amounts x, to be shipped form each origin to 



destination so that 



the total shipping cost is a minimunio The amounts x, must be non- 
negative J, 

Algebraically J, we state the problem in the following form^ 



Givens 



Two sets of constants a 



1 



i - • Ij, 



and b „ j ^ 1 j, o o o v, n 
J 



such that 



b 9 and 



A matrix of constants 



' C. , J 1 ^ 1 . c o . 

- ij • 



Find 2 A set of non -negative unknowis 



X, . ^ Oj) satisfying 
iJ 



^ X 

<.' ij 






1 • 



b :T 

J - 



i.- 



1 - 1 , 



.m 



lo Numbers in brae els refer to references cited in the Biblxogra 
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- Minimum 



ic) 



c , , X. . . 

ij ij 



Linear programming problems which may be stated in the foregoing 
form have come to be called **the transportation problem”' even though 
they do not all deal with transportatioBo Examples of such problems are 
the personnel assignment problemij,) the contract - award problems, [^3^ 

the Traveling- Salesman problem fioj ^ and the Caterer problem {ll} . 
Go Bo Dantsig [^sj was first to formulate this problem as a linear - 
programming problems, and he gave an algorithm for its solution based on 
his Simplex method o The transportation algorithm is considerably 
easier to apply than the general simplex method In that it does not re- 
quire the inversion of matriceso The algorithm is discussed in more 
detail and a sample problem worked out In Appendix Ao 
2o The Assignment Technique o 

As was noted aboveg a special case of this '^^transportat ion pro- 
blem*® is the n X n assignment problemto In this case all a ^ b. ^ Ig 

^ J 

and all are either one or serOo The problem may be stated as 

follows 2 determine the optimum assignment of n persons to n jobSg 
given a matrix of constants which specify., in appropriate unltSg 

the worth or performance rating of the individual in the jobo 



The most straightforward approach is to consider each O'f the nl possible 
arrangementSo Butg for only moderately large n^ this becomes a hope- 
less tasko What is required is a procedure for finding an optimum assign 
ment (there may be more than one) with a reasonable amount of effort o 
Such a procedure was provided by Ho Wo Kuhn [33 in his "^Hungarian Method®* 
Kuihn^ s algorithm has been modified and extended to the m x n 
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transportation problem by L« Ro Ford, Jr« and D. R» Fyl'kerson j, 
and by Jo Munkres fsl o The algorithms so developed may be described 
as procedures that make maximal use of minimal cost routeSo Each assigns 
quotas only to the least expensive feasible routes until the assignment 
Is complete® The resulting assignment is one which gives minimum cost® 

It Is not necessarily unique® These algorithms are also discussed more 
fully in Appendix A and a problem is solved using each in turn® 

3® The Transhipment Technique® 

An interesting variation on the m x n transportation problem ( m 

sources^ n destinations) is the transhipment problem described by Alex 

Orden [*93 In the original transportation problem each point acted as 

a shipper only or as a receiver only^ and the routes were considered to 

be direct from each shipper to each receiver® In his extension of the 

problem^ Orden has permitted shipments to go via any sequence of points 

rather chan being restricted to direct connections from one of the origins 

to one of the d&stinations® His method of solution involves converting 

the extended problem to the original problem by a rather simple device® 

Each point is treated as a pair of polntSj, one acting as a shipper and 

one as a receiver® The unit cost of shipment from a point considered 

as a shipper to the same point considered as a receiver is set equal to 

zero® All other c (i^ j ss l^ocoy m ^ i*^j) assumed known 

ij 

and greater than zero® For computational purposes large stockpiles are 
assumed to exist at each shipping point® The excess of stockpiles over 
actual amounts shipped appear as shipments from a point to itself at 
zero cost and are removed from the final result® With this mechanism^ 
the m X n problem with transhipment is converted to an K x M problem 



wlthrmt t “'Ainishlpni^.ent HltchcacR problexn)^^ where M - m + Oo The 

^iir 

problem aolwd ichi?-: ic.rw ard,, i.n the non rate casSj, 2M 
- 1 rouites have positive qu'Otas asslg^edo It happer.s char in miaimam - 
cost solutions aiil 5 ^,^ are positive^, hut they are removed leaving M - 
1 s m-fn-l actual shipment So 
4o Integer Soiutionso 

It is worth noting here that If the Hitchcock problem is posed in 
integers (ioeo each and is a positive integer) then there is 

at least one minimising soluticn In which each is either a positive 

integer or zero o In this case the whole problem can be solved in 
integers by introducing feasible solutions consisting of integers 

and then changing these voniy by integral amountSo Very recently^ Gomory 
&3j has develo-ped a ''^'method of integer forms®'' for solving a general 
linear program/ning problem with the additional constraint that the 
variables in the solution be integerso Dantzig £l4] has included this 
procedure In the term ‘^discrete programming*® and for sees in Its further 
developm-c?nt promise of solving ’®all kinds of combinatorial,, non-linear^ 
non-convex problems « ^ > areas where classical mathematics has been weakest** « 
5o The Capacitated Froblemo 

In the classic Hitchcock prohlem the upper bound on the amount of 

commodity assigned to any route is determined by the amounts available at 

the sources, the amounts required at the destinations. b/So 

" i " j 

The routes themselves are not regarded as limited In their capacltieSo 
One can imagine practical situations wherein the actual capacities of the 
routes may be limiting factors For example^ suppose ix Is desired to 

^See Appendix A for a discussion of degeneracy. 
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transport c€rtaln knowTi quantities of coirrmo'dlty several sources to 



several desci ?>a£ tsns eack d^.y. ot +Ad ws rave avaliabl>-^. certain 

railway rotates witfe specified capacities^ tbenj, tn:-^ amo-unt of the com- 
modity shipped on route l-j^ in the speclfi^^d time Interval, cannot ex- 
ceed the capacity of that route o 

Our introduction of capacities has brought time into the problem^ 
at least to a limited degre^o The nataral specification of capacity is 
a rateo Consider a problem similar to tne Hitchcock problem^ except sup- 
pose the represent quantities' to be shipped in a certain time in- 

terval ^ say a months and the b s are amounts required at the destina- 

3 

tions per montho Further^ let ut specify :he capacity of each route i-j 
in units cf commodity per month. We hav-i then the so - called capacitated 
Hitchcock prcblemo This problem is similar to the uncapcitated problem^ 
except that we envlsioB it as being rep^ateily applicable within time 
^intervals of specified length.o Basically,^ It is static in that we have 
introduced no truly dynamic variable's .^-uch as instainitaneous flow rates 
or transit times^ And we have supposed the given constants-a/^ s,, b/s,, 

1 ' j ^ 

and the capacities- do no-t change with tisneo 
We state the probLem formally., 

Given . 



(a) Two sets of constants 
1^ 1^000^ m 

b^ j " lj)ooogin 

Such that ^ a - ^ b - k 

1 J 



0>) 

(c) 



A matrix C s 
another matrix 
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where c . 

ij 



represents the capaciC> ot rout- iJ. a\id 



d ^ represents the cost of ?: r^naspor t $ unit 
tj 

amount from source 1 to dost mat i.n 



Find X = r 


X J 

ij 


such that 


(1) 


c 1 j j 


(2) 


■f ■'ij " *t 


(3) 




(4) 


^ ^ x„ ^ s minimum 

3 1-J ij 



VThereas the uncapacitated problem always has a feasible solution [^1 = 
the capacitated problem may note The problem is feasible if^, and only ifj, 
the maximal flow of the associated network is at least equal to the total 
amount to be shipped^^ Ko A discussion of networks and their maximal 
flows will follow in Chapters II and lllo 

Ford and Fulkerson have also provided a method for solving the capa- 
citated problem in their paperj, *®A Primal - Dual Algorithm for the Capa- 
citated Hitchcock Problem''® Cl5] . As their title implies, these authors 
define a dual problem Involving dual variables q/ ^ j ij 

These are used to distinguish certain routes^ and^ in terms of them^ a 
restricted primal problem is solved o From this solutioOj) new dual vari- 
ables are defined and the restricted primal problem is again solved^ this 
time using the new dual variableSo In each solution of the restricted 
primal problem^) a set of positive is determinedo VJhen the sura of 



these Xo . is 



to the total ameunt to be shipped^ Ky the so 



determined provide a solution to the original problemo 

During each Iteration^ in determining the solution to the restricted 
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primal problem^ the aiaithors call upon a special tlow algorithm developed 
by them in a ptevioas paper v The mechanics of the sol^'iitioa are 

similar to those described for the incapacitated problem and will not 
be described in fyrther detail here^ 

In a subsequent paper [[l?] ^ Fulkerson showed that an upper bound 
on the number of iterations or ’’labelings’* required to solve the trans- 
portation problem could be determinado These upper bounds wares (a) 
for an n x n optimal assignment problem^, nCn^l); (bj) for the tran- 
shipment problem^, KCn+1); (c) for a Hitchcock - Koopmans problem 

K min(mj>n)+l J o 

The literature contains numerous other examples of applications of 
linear and non-linear programming techniques to transportation problemSo 
Several such papers are cited in the bibliography without special reference 
to them in the texto These are intended to be lepresentat ivej, rather than 
exhaustive i to attempt an exhaustive listing would be presumptuous^ indeedo 
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GEAPTER II 



TRANSPORTATION NETWORKS AND GRAPH THEORY 

lo DiscyssioHc 

In the study of transportation systems it irs often desir-i.ro l.e to 
utilize network diagramSc The usual approach is to let the nodes of the 
network represent originSjj destinat lons^, or junction points^^ and to con- 
nect these nodes with lines representing the available routes, The des- 
crlptiorij) representation^ and use of such diagrams har^ been gteacly facili 
tated by the use of the mathematical theory of linear graphs An early 
example of the use of graph theory in connect. i oik with transpcrcatton 
problems was in a paper by To Co Koopmans and Sc Reiter [_lj published 
in 1951 o Much of the work had been done earlier during World War II 
by the former author « 

The time - lag In the application of graph theory to t ransportation 

problems Is emphasized by quoting from the above mentioned paper* 

”The cultrual lag of eco»nomic thought in the application of mathe- 
matical methods is strikingly illustx^ated by the fact that linear 
graphs are making their entrance into transportation theory just 
about a century after they were first studied in relation to elec- 
trical networkSj, although organised transportation systems are 
much older than the study electricity/' 

Perhaps some of this delay Is due to the fact that^ until very recent 
ly^ graph theory has been somewhat neglected by math€matlci.an.s themselveSo 
Few articles on the subject appear in mathematical journalSo 

Until 1958^ there was only one book devoted entirely to graph theory 
- Do Konig'^s Theorie der Endlichen und Unendllc'hen Oraphen 1^23 ^ first 
published in Leipzig in 1936 and reprinted by Chelsea in New York in 1950* 
The second book on the subject ^ by Claude Berge [3^ ^ was published in 
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France in 1953o 



Professor Fo Harar-y^) of the si ty Mlcl-igan, has written 

quite extensively on graph theory and^ with Ro Z, Nonraan<, is writing a 
book due to appear in 1960. [Sj 

Because of its wide applicability and comparative simplicltyj the 
two-terminal network is used in many transportation problemSo Normal- 
ly^ flow in such a network is unidirectional from a source to a sinko 
This theory has been especially useful in determining the 'maximal 
flow which a network will sustaino Examples of its use in this con- 
nection are Included in Chapter IIIo 

The similarities between communications and transportation net- 
work problems have been recognized and pointed out by Ro Eo Kalaba and 
Mo Lo Juncosa [J4'] ^ among others o This similarity is not limited to 
their common tie with graph theory but extends also to queailng theory^ 
simulation devices^ linear pxograwming^ dynamic piogramming,, and Boolean 
algebrao 

2 p Representat Ions « 

Vie shall exclude from our discussion graphs containing arcs which 
join individual nodes to themselves o 

A natural representation of a network is a diagram in which points 
represent nodes^ and lines represent the routes between theme Elsewhere^) 
(Appendix C) we have defined a network to be a (connected) graph to- 
gether with the capacities of its individual arcso We shall illustrate 
here a one-origin^, one terminal planar network with source a and sink be 

lo For definitions of this and other technical terms ^ see Appendix Co 



The graph is not oriented 




Figuic 2-1 

This network co^jld a) so be represented by a symmetr ic matrix 
I = [Ji in which L is the cipaclry .of arc ij If th-^ arc ij 

is included in the graphs, and is zero otberwiseo For out exe^mple the 
applicable matrix would be the jn<- oelow. Except on the main diagonal, 
::eros are not written but are implied by a blank spacer 
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In Chapters 111 and IV we shall xrse the -ct theory of 

graphs^ For representations ot the grap'h- wnio.^ icud-/ diagrams such 
as figure 2-1 rather than the matrix represent at ion j, flg.ire 2-2^ will 
be usedo 

It is desirable to emphasize that we haw pointed out only one. field 
for the application of graph theory® In addition to tbeir usefuilness in 
the study cf transportaticn^, communications, .and electrical networks j, 
graphs have been used In many other fields® They are useful in describ- 
ing Markov chains^, for example® As another example Profc-sscr Harary 
has made use of them in the study of the behavlc^ral sciences 16] . C7] . 
Much cf his work in graph theory has been done in conjunction with the 
Research Center for Group Dynamics^ Fniversily .of Michigan, and tte 
Social Science Research^ Beil Telephone Laboratories® 
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KA.XIHAL NETWORK FLOW 

lo General 

As we mentioned in Chapter II 5 tiansportation ;systems are often re- 
presented by network models^ The nodes may represent simple transfer 
points such as the pick up point for the hook in a cargo-handling opera- 
tion; otp they may represent highly complete entities such as a seaport 
or a complete railway operating divisioBo What the nodes represent de- 
pends upon the model under consideration and the degree of generality 
or detail under which it is being studledo These nodes are joined by 
arcs which may have an associated traffic-carrying capacity*, This 
collection of points and arcs with their capacities will be referred 
to as a network - (see Appendix C)o 

One question of interest is that of determining the maximal 
steady- state flow through such a capacitated networko We shall des- 
cribe in this chapter two procedures for determining maximal flow^ one 
a flooding technique due to Alexander Wo Boldyreff Cl] and the other 
the minimal cut theorem due to Lo Ro Fordc, Jto^ and Do Ro Fulkerson [ 2 ]. 

2c The Flooding Technique 

Boldyreff applied his technique directly to traffic through a rail- 
road network^, and was careful to claim no generality for It*, He character- 
ized it as empirical in nature^, and left as an open question the possibil- 
ity of wider use of the flooding technique<> It appears feasible to apply 
it In any situation where a network model will fairly deH-cribe the actual 
situation*, 

The method employed can be applied to networks with any number of 
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origins terminal Sj, kcwrvcr £o.r clarity the one-or tgln. one-ter- 
minal case is descrlbado 

Certain suibsets of points ate dlstlng<Ji£h'^^d as the origins g, the 
terminalSj> and junction points (see Appendix. C^o We will discuss flow 
in a railway network assuming capacities in trains per davo By ’“steady 
state** we mean that the flow rate through each atCy in trains per days, 
is constant from day to dayo The steady-state Is further clarified in 
these initial assumptions^ 

lo At the origins only loaded- trains leave and only empty trains 
arrive 0 

2^ At the terminals only loaded trains arrive^ and only empty 
Crains leave o 

3o At each junctlo-n point the number of loaded {empty) trains 
arriving is equal to the number of loaded (empty) trains 
leaving each day« 

4o The number of loaded trains leaving ail the origins is equal 
to the number arriving at all the terminal « each day« 

5o The nymber of empty trains leaving all the terminals Is 
equal ro the number arriving at all the origins each dayo 

The last two statements are deducible from the first three and are scat 
ed explicitly only for emphasiSo 

The problem is to find a method of assignilng the steady- state 
flow of traffic to each arc of the netwoi'k,, not exceeding the capacity 
of the arCj, which will maximize the total flow of loaded (empty) trains 
from the origins (terminals) to the terminals (origins) satisfy 
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the five assunipt ions stated above 

In the probleir. as s^cated^ the ady- stat> 05 isr& of sinmltaneous 
movement through the network of loaded ttains . the origins to the 
terminals and empty tr-iitoiS in the opposite direction. These two move- 
ments must necessarily be at the same rate. By imagining a network 
with arc capacities jest one-half of those of the original network^ we 
can look only at the flow of loaded trains from origins to terminals and 
reduce the problem to the unidirectional caseo By luinidirectional flow we 
mean that the flow in any one arc is in one direction onlyo In this dis- 
cussion the flow considered will be generally directed from the origins 
to the terminals. 

For this simplified problem the steady-state conditions are con- 
tained in the follo-wing statements: 

lo At the origins all trains leave,, n^ne arrive. 

2, At the terminals., all trains arrivt^ none depart 

3, At each junction point the number of trains coming in is 
equal to the number going outo 

4o The number of trains leaving ail v/rigins must equal the number 
arriving at all terminals., 

5o The traffic flO'W through each arc cannot exceed the capacity 
of that arco 

By defining two networks to be equivalent if chfc maximal flcw.s through 
them are equals we can rs.adily reduce a network with m.any origins and 
many terminals to an equivalent network with a single origin and a 
single terminal, 

We shall describe the flooding technique utilizing a sirg le-origin ^ 
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single-terminal netw-orko The procedure is as follows” 

Starting at the origins^ assign sufficient traffic flows to all arcs 
leaving the origin to saturate thetHo This gives the maximum number of 
trains arriving at junction points one arc removed from the the origin<> 
View this set of junction points as new origins and^ starting with 
the one subject to the greatest capacity constraint^ schedule trains 
whenever possible in the following orders 

lo '^Forward® - to new junction points through the outgoing arcs 
2o ® Laterally® - to other points of the seto 

3<» ® Bottlenecked® - if trains are left over after steps 1 and 2; 

ioeo if all outgoing and lateral arcs are saturatedo 
At such a set of junction points there may be arbitrary decisions 
regarding which trains to ®bottleneck® « The guiding principle is to 
move forward as many trains as possible^ and to maintain the greatest 
flexibility for the remaining natworko 

Continue the above procedure until the scheduled flow covers the 
complete network and reaches the terminal o 

Eliminate bottlenecks by returning all excess trains to the origino 
The validity of the solution can be checked by in sped ion <> If a maximal 
flow has been achieved^) there will be no continuous unsaturated path 
extending from the origin to the terminalo (That is there will be no 
chain connecting origin and terminal that does not contain at least one 
saturated arc)® If this criterion is not rnetj^ the inspection will have 
revealed the unsaturated chains® Flow in these chains can be increased, 
giving maximal flow® As will be seen^ the observation concerning satur- 
ated arcs is a point of similarity between this procedure and the 
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prc:;ed^iie discm'^edo 

In t'hi5. papeZj, M'idyretf .od.so ■soi'nie procsdur^s for simplifying 

co'mplicsted networkSo HewA.v&r,, as he points the taet^orks to which 

these procediiires can be applied are tather more the exception than the 
rul€j> and the applications are tedion^o The author irecomends a straight- 
forward application of the flooding technique o 

A sample problem is solved fey this procedure in Appendix Bo The same 
problem is also solved using Ford and FulkejC^oini^ s minimal cut theoremo 
3o The Minimal Cut Theorenio 

This method was appliced to networks'^) in general^, not necessarily 

rail networkSo Although we will not give hers a proof O'f the minimal 

1 

cut theorem p we will need some definitions in oicd«r to discuss its ap- 
plications o See Appendix Co 

A giajph ^) Gp is a finite^ one-dlmensivonal complex^, compO’Sed of 
vertices a^bj^c^ o o o j,e and arcs (abji,, yS (ac)jooo» cTCce)o 

An arc ck joins its end vertices it passes through no other 

vertices of and intersects other arc’*: only in verticeSo 

A chain is a sat of distinct arcs of G which can be arranged as c( C^b)^, 
|6 (bcjgoooj, cTCgh^;! whaira the vertices a/fo.c.ooo^h are distincto A 
chain does not Intersect itself^ it Joyns its and vertices a and h« Each 
arc la G has associated with it a positive number called its capacity o 
The graph together with the capaciriA§ .Q>t 1%% individual arcs^, is 
called St netw.ork o Two vertices of G are distinguished a., the source and 
b the sinko A chain f lo^v from a to h is a couple (C.k) composed of a 

1. F'or a proof cf the thorems, saa tne second article li^'ted in the 
bibliography at the end of this dniaptero 



chain joining a and b and a non -negative' niixtmber k repiesanting the flow 
along C form soturce to slnko A flow in a network a collection of 

chain flows which has the property that the smk o-f the numb'ars of all 
chain flows that contain any arc Is no greater than the capacity of that 
arco If equality holds^ the arc is said to be saturate d by the flow,, 

A chain is saturated with respect to a flow if it contains a saturated 
arCo The value of a flow is the sum of all the chain flows which compose 
^ disconnecting set is a set of arcs which has the property that 
every chain joining a and b meets the co'llectio^no A dis connecting setp 
no proper subset of which is disconnectingj is called a cu^o 

The value of a disconnect ing sat v(D) is the sum of the capacities 
of its individual memberSo Thus a disconnect ing set of minimal 
value Is automatically a cuto 
We state the minimum cut cheoremo 

Theorem 1. Thve maximal flow value obtainable in a network is the 
minimom of v(T) taken over all disconnecting sets 

This theorem is so intuitively appealing that at hardly seems to 

require proof at alK However ^ as examlnat ion of reference j^2j will 

show^ the proof is quite involved^ ani for certain n^etwc-rks (for example 

see (f3j ) it do^es not apply^ The inapplicability to^ networks with 

several sources and corresponding sinks was illusttated als-> by Ford and 

Fulkerson £2^ . ^ 

The actual computation proeedure for determining the valus of the 

minimal cut is based on a corollary tc the minimal cut theorem and an 

additional theorem which will be stated without prccfo 

Corollaryr Let A be a collection of £^.rcs of a network h 
which meets *^s:ch cut of N in just 'ne arc. If is a net- 
work obtained by adding k t>- c>a capacity of each 

arc of A, then cap ^ cap 
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Theorem 2<> If tha g^aph of ’".ogether arc abj, is a 

planar grap:ni ^ there existe a chain joining a and b ■which 

meets each cot of h precisely ^/nceo 

Let T be the chain joiniing a and b which is tvpmost in Ho T has the 
property of theorem 2<> Impose as large a chain flew as possible (T^k) on 
this chaiBc) thereby satuirating one of Its aresa 

By the corollaryj^ subtract k from the capacity of each arc of To 
Remove tha prsviously saturated arc whose capacity is now zero® Continue 
this pro'cedurao Eventually the graph disconnects and a maximal flow has 
been establlsheda 

For an illustrative example^, see Appendix Bo 

In problems of sea- transport ^ the most restrictive capacity limitations 
are quite often the cargo-handling capacities of ports at which ships must 

load and/or unload^ rather chan on sea routes themselves. This is often 

true even when the number of ships availatia is limttedo At firsts it 
would appear that this is a problem wherein the capacity restrictions are 
on the nodes of a graph rather than its arcs a We suggtistj^ however ^ that 
this can be reduced to the previous problem by employing a device similar 
to that used by Ordevio See Chapter lo Treat each node representing a 
port of limited capacity as both a receiver and a shipper and replace the 
single node by two nodes joined by an arc showing the capacityo We have 
merely introduced a slight modification to- the model to show more details 

The applicable units of capacity might be troublesome in a ship- 
ping network due to the wide variety of ships with which one might deal. 
There Is a great temptation to dismiss this difficulty by introducing 
some sort of a ‘^standard** or ''’^notional** ship.j and for a first approxi- 
mation this may sufftce<> However,, some ports may well be able tc handle^ 
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for example^ 3 notional ships per day provided this cap9t::ity actually 
came In three ships near our '^''^tandard*^ sxze^ and be incapable of even 
docking one very large ship of equivalent capacityo 

Thus our model begins to break dowa and we need to introduce a more 
realistic one capable of handling the real situiatioBo We would emphasize 
that the models with which we have dealt to this point are mostly systems 
models dealing with large-scale inputs and gross effectSo They would re- 
quire inputs representing aggregation of many lesser inputs^, and these 
must often be combined by skillful application of lessons provided only 
by experlenceo Simple arithmetic sutrcmations rarely sufficeo The inter- 
pretation and application of the results provided by the model is equal- 
ly difficult 5 and requires the same careful judgments 
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MINIMUM IRANSP'ORT UNITS 10 MATOTAIN A TWEL vSK-DUIE 
lo General Disciassiono 

We shall consider in this ::hapter a problem which tn a sense,, 
cotnplimeiatary to the problem of maximal flow previously dlscussf-do We 
shall be concerned with the dstermlnat iO'ini ot the minmum nuirber of trans- 
port units necessary to maintain a fixed scheduleo 

In order to make precise the notion of a scheduleo we shall again 
use the language of graph theoryo We envision a connected graph in which 
a subset of nodes is distinguished as terminals ;; others represent junc- 
tion pointSo Sy a run ve mean the traversing of a certain path from one- 
terminal to another by a single transport unito Runs originate idepart) 
and terminate (arrive) at certain specified times within an interval^ 
such as a day or a week® These departures and arrivals are repeated in- 
definitely in past and succeeding intervals of the same duration^ We 
choose a typical time inteiwl of length 'ff ^ commencing at some arbi- 
trary time t and ending at time t, - t -^rTT <> A schedule is the. 

O ID 

specification of the time of each departure and arrival dur,lng the time 
interval J/' ^ tor each terminal in the svstemo It will be noted that the 
duration of a run may be less than^ equal tO)^ ox greater than our typical 
interval « 

Perhaps the simplest feasible solution of a schedule problem is to 
assign each unit to repeated round- trips between two terminals o This may 
involve the movement of a great many ^w.pty or **dead-head-’ unitSy and is 
rarely optimumj if other utilisation of units 1§ feasible o As can be 
readily seen^ the problem of miinimizing transpcsrt units to a pie- 

scribed schedule reduce-s to the problem of routing .empties CO C2j . 
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We have found several proceduies for dc terming minimura units for 
fixed- schedule operations, ^ [bI , [aI 133 ^ In this chapter we 
shall describe^ as a representative example, an algorithm by Ic E Bartlett 
[^3^ built around a railway schedule. 

2 c Algorithm for Minimum Transport Units a 
Assumptions 

(1) Schedules under consideration refer to runs of transport units 
between termlnalS o The runs originate or tersninatej> at specified times^ 
within an inter\’^al ^ of specified duration^ and are repeated indefinitely 
in past and succeeding intervals of the same lengthp 

(2) Each terminal has at least one route connecti.ng it with one or 
more other terniinalSo Any terminal may be reached from any other In the 
systemo The system may be represented by a connected grapho 

(3) Each terminal has as many **departing’* runs as ’“iBComing" runSc 
This may require transfer of empty or ”deaci-head''^ unltSo 

(4) For each run there is a standard or minimal type of transport 
unit which is employed e Units may be employed on any run for wbixh speci- 
fications are met. 

The above assumptions are quite reasonable and are usually satis- 
fied by transportation systems operating on schedules » 

Additional Assumptions 

For the particular algorithm presented, certain adaiiional^ restric- 
tive assumptions were madeo These were 

(1) Requirements at any terminal for transport units to make up out- 
going runs must be obtained from regularly scheduled incoming runs at that 
terminalo 
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(2) All transport units are of a single type« 

(3) All schedules are met preclselyo 

(4) No delay beyond the time differential of scheduled arrivals 
and departures is required for interchange of transport units from one 
run to anothero 

Discussion 

By the hypothesis concerning the schedule a unit is either on a run 
or it is ’’idle®’ at some terminal awaiting transfer to a. runo A schedule 
which is maintained generates a total running time plus idle time which is 
equal to the number of units employed multiplied by the length of a typical 
periodo Since the total running time is fixed hj the schedules, the number 
of units employed will be a minimum and only if^ the total idle time is 
at a minimum. Therefore, what is required a pairing of arrivals and 
departures at each terminal which will mlnimi/e total idle time. 

Three separate cases are consideredo 

Case lo All departures in a. typical period at a terminal are 
later than all arrivals during this perlodo 

Case lie Some departure is earlier than seme arrivals^ but all 

arrivals and departures within the period can be paired 
in at least one way so that each departure is later than 
its paired arrivalo 

Case IIIo Up to some time during the period,-, more departures chan 
arrivals have been scheduledo 

In the first case any pairing of departures and arrivals generates 
the same total idle timeo In the second case^, pairing of the ''®first in'® 
with the ’®first out®* is both feasible and yields minimiuim idle time. 

Case III presents a special problemo Since there arej, up to a pointy, 
more departures than arrivalSg, there is no feasible pairingof all departures 
with arrivals within one periodo It is necessary to pair onr- or more 
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departures with amvixS from a preceeditig period and soise arrival (s) 
within the period are leit ever for pairing with departurie.(s; in a sub- 
sequent periodo By extending the sequence borb forward ar^d backward 
sufficiently to pair all! departures with arrivals, the pairing problem 
reduces to that of Case II^ and the f 1 rst- in- f i u^t procedure gives 

minimum idle time. However^, it is necessary to adept a consistent assoc 
iatlon of idle time to a particular period in order not to miscount the 
total timCc The procedure adopted was tc associate with the current per 
iod that idle time generated by pairing runs of the previous period to 
runs in the current period as well as the idle time generated by pair- 
ing within the periodo 

Idle time developed In the pairings from the current period to the 
next period is not charged to the current peri.od^ but to the next onao 
Result s 

From the above considerations a total,, r I'nning plus idle^ time is 
calculated^ and is shown to be. 

T - ?r (o(4^/9j) 
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length ot peri ud 

total runs en row"C the beginning (or 
end)' of a tor terminals 

maximum value of cumulative departures less 
cumulative arrivals at terminal j during a 

periedo 



The minimum number of transport units required Is then obtained by 
dividing T by the length of the period 'yf ^ and is given as: 



minimum number of transport units “ ^ ^ 

i 
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In ccncludi.ng his paper,. Bartlett pointed cut S'om'i areas of schedul- 
ing problems under studvo ThcB^. are listed fcelowo So.me theEii, if can 
be seen^ are aimed at removing the restrictive assumpt made earllero 
Items listed were; 

■Bo Determination of routings to permit economic maintenance 
schedules o 

bo Determination of routings to optimize the number of units 

used for the situation in which several classes of equipment 
may be employed on various routes « 

Co Determination cf routings to minimize the number of units 
used and maintain schedules having probabilistic strrival 
times o 

do Determination of optimum schedules based o>n cost of trans- 
port unitSjj operating cc-stSg and demand dlstribut ionSo 

6o Analysis of the possible application of the concepts in 
the field of machine schedulingo 

The actual problem of allocating units to a schedule in manner to 
preserve mlnimalicy and^ at the same timec* meet certain maintenance require- 
ments. was discussed in a subsequent paper bv To E. Eartlett and Ao Charnes 
W. Their method of solution involves translating the schedule Into an 
oriented or directed graphs, and working with associated Incidence 
matrix. A node in the graph considered represents a specific time at a 
specific termlnalo The time, chosen is the time of a local maximum m the 
®®idle equlpmerit inventory'*’ at the term,lna] undet conslderationo There may 
be more than one ’’node*" f«&r each terminal; there will be at least one. An 
arriving run prior to a node tlme^ which may be paired with a departing run 
after the node without violating minimality of equipment^ Is regarded 

as a link (arc) positively incident on that node. A departing run after 
a node time which can be paired with an arriving run prior to the node 
time is vlew&d as a link negatively I ii'Cidenr on the nc-deo This representa- 
tion gives srn? Idea ct the versatility of graph theory in the study of 
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transportation problems. 

With the Incidence, matrix construct-pd as descrlb-cd above each 
column corresponds to one of the runs of the system., and each row corres- 
ponds to one of the nodes\ One can then trace out a cycle, or a **pool*^j 
in the following manner « Connect a minus one with a plus one in the 
same row^ and repeat^ connecting plus ones and minus ones alternately 
within the same column and then the same row. When the first or start- 
ing entry is connected the second time« a cycle is formedo The pairing 
of runs in this manner is both feasible and maintains minimality of 
equipment 0 
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CHAPTER V 



MISCELLANEOUS TECHNIQUES 

Up to this point we have dealt with a rather restricted group of 
transportation problems and models. For the most part the models have 
been of the network type and descriptive of an entire transportation 
system In this chapter we shall give examples of the application of 
other techniques to problems in transportation. Specifically we shall 
cite examples using queuing theory, the Monte-Carlo method, and engineer- 
ing analysis. 

Among the earliest models employed in the study of transportation 
systems was the queue, or waiting- line, modelc Examples of queues in 
transportation systems might include automobiles at a stop sign or a toll 
station, freight cars in a freight yard, airliners circling an airport 
awaiting clearance to land, or ships in harbor awaiting unloading In 
a different but related field this model has been applied to telephone 
calls at switchboards and messages in communications relay stationSa 

Waiting line theory is strongly related to probability theory, 
since both the arrival times of ’’customers" and the service time for an 
individual customer are stochastic variables. This is true to a large 
extent even though arrivals might be "scheduled". The usual practice is 
to study the so-called steady state; that is, one assumes the queue has 
been in operation long enough for transient effects to have diminished to 
a negligible point. One usually knows, or can soon estimate with accep- 
table accuracy, the mean arrival rate of customers and the mean service 
time The specification of the distribution of these random variables 
is more difficult However, the most widely used assumption is that the 
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number of arrivals within a specified interval has a Poisson distribution 
and that service times have a negative exponential dist tlbiitT! '"-n 
these assumptions and input Sj, the model can be analyzed to predict mean 
holding time - waiting time plus service time mean queue length.^ and 
the probability a customer will have to walto 

A good example of the application of queuing theory to a transporta- 
tion problem is contained in an article by Leslie Ce Edie CO of The Pore 
of New York Authority ^ in which he discussed traffic delays at toll booths 
of several tunnels serving the city of New York® 

In vv^'oy problems involving queues^ solutions in closed form are 
d;uf f file ^ if not impossible^ to obtainc Such problems are sometimes amen- 
able a certain amount of analysis by the Monte-Carlo method. In using 
thi^ m'e'thod^, one develops a model of the system he wishes to study and 
then .simulates arrivals from time to time. The arrival times are assign- 
ed dit random in accordance with previously observed arrival statistics, 

€he modfel the investigator can determine the effect of varying certain 
• '•ar «mer,^rs in the system. He canj, for instance^) introduce an additional 
service channel or allow priorities. With the simulation techniqxite^ the 
researcher can get data corresponding to months of actual operation quick- 
ly and cheaply, 

Roger Ro Crane j Frank B, Brown^ and R, 0, Blanchard \^2j have reported 
on the application of this method to a railroad classification yard. These 
authors developed a model by the method described above and^ using simpli- 
fied statistical assumptions^ Isolated areas for more careful studyc In 
the two areas reported they determined the effect of substituting parallel 
processing for series processing and of changing the regarding the 
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Considerable savings were realized in boiJ« i - 
a.ta^ c<- in this context consisted of inspect ard 

ficat i«»no 

For ot?r Last example we nave chosen the Cargo “Hand ling '.Hesc-arch 
Project in th-^ Department of Engineerings University of C.'>lifornia at 
Los Angeles o This research Is sponsored by the Office of Naval Research 
aiid the Karitime Admlnistrat iono Though by no means limited thereto^ 
this project has made use of engineering analysts^, statistical methods^, 
and the Mcnte-Cailo techniqueo The project has been reported In detail in 
a series cf numbered reports^ (references ^ Ihr se 

are not generally availableo Ro Ro O^Neill reported on the project ar.d 
discussed the analysi.s and Monte-Carlo simulation of cargo handHng be- 
fore the Purdue University First Transportation Research Syirjposlum,, in 
Febiuary 1957o This presentat ionj> along with others given at the sympo- 
slw,. was published in Naval Research Logistics Quarterly a in September 
195^0 

trarasfer of cargo between ship and shore has long been recognized 
as the major bottleneck in the operations of the shipping industry. The 
basic objective of the research at the University of California at Los 
Angeles has beeTa the affecting of improvements to the cargo-handling 
syscemo 

For the analysis of cargo handlings the project faced the problem 
of choosirAg a level of description which would yield to analysis and yet 
lead CO useful results. The level chosen considered the cargo-handling 
system as a series of transporting links In which each link was the sum 
of all the movements required of a carrier in transferring a load cf 
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cargo from one point to anothero In a land- to-water sequence the links 

studied weret i,a) the shed link, (b) the wharf link, ic) the ho:.k 

link, (d) the hold Intermediate link, and (e) the hold link 

With the cargo-handling system idealized in the foregoing manner. 

certain hypotheses were made concerning the Interrelations existing 

among the various linkSo Two examples of such hypotheses are 

Hypothesis I If there is a group of transporring links connected 
in series, then there Is one link which has the least mean induced 
delay and is the slowest or controlling linko 

Hypothesis II ! The relationship between the relevant factors wnlch 
affect the mean activity time of a link can be formulatf^d sc as to 
make prediction posstbleo 

Both of these hypotheses were used as the basis for a field study con- 
ducted in the summer of 1953, primarily in the ports of Los Angeles and San 
FranciscOo Even though a random, work-sampling technique was used tc obtain 
data, there were 41,218 individual observations recordedo This gives some 
idea of the magnitude of data-gathering problemSc 

It is noted that at the gross level a port terminal can be thought 
of as a node with a land carrier as the link on one side and a ship as 
the link on the other side*, The approach used in cargo-handling study 
illustrates the meaning of a remark made earlier concerning the necessity 
of building models in a degree of detail consistent with the problem to be 
studied^ 
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APPENDIX A 



ALGORITHMS FOR THE HITCHCOCK DISTRIBUTION PROBLEM 
lo The Dantzig Algorithm^ 

In this appendix^ we shall describe the essential elements of Dant- 
zig'' s algorithm for solving an m x n transportation problem based on his 
simplex methods See Chapter I, We shall then work out a simple problem 
using this methodo We shall make similar presentations of the algorithms 
of Ford and Fulkerson^ and Munkres, working out the same problem in each 
instance® The problem is 4 x 5 (four sources^ five destinations) and the 
numbers are quite simple® We hoped to choose one which could be followed 
easily and yet was sufficiently difficult to illustrate the methods® The 
problem is stated below: 

There are four sources with amounts to be shipped as follows: 

= 10 
== 60 
= 40 
= 90 

There are five destinations with amounts required as follows, 

= 20 
b2 = 40 
b^ = 70 
b, = 30 
b^ = 40 

We note a. = ^ b, = 200« 

1 ^ J 
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The cost of transporting a unit amount of commodity from source i to 
destination j is given as the ij entry in the following matriy ■ 
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3 

4 



12 5 4 



1 4 


1 
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i 5' 
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1 - 
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‘ 4 
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1 


2 



Our prcbiem is to find; 

X = that 

i - 1,2, 3, 4 j = 1,2, 3,4, 5 



X . ^ 0 

tj ” 



> X , = a 

f iJ ^ 

^ iJ J 



1 , 2 * 3,4 



j = 1,2, 3,4,5 

J J 

y y c . . X , . s Minimum 
^ ^ ij Ij 



lol 

1.2 

1,3 



<- 3 

Before commencing the algorithm^ we shall state, without proof, ^ some 
useful theorems relating to the problemo For proofs the reader is referred 
to Dantzig Q] ^^d Gass o 

Theorem !» The transportation problem has a feasible solution. 

Theorem 2o A solution of at most m n - l^posltive x. 
existSo 

Theorem 3o If the a^ and b are all non-negative Integers^ 

then every basic feasible solution has integral valueSc 

Theorem 4o A finite feasible solution always existSo 
For a more general case with m sources and n destinations^ if we write 
out the equations lo2 and lo3 we have m n equations in mn unknowns ^ Butj> 
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""'■AV6 ^pecltled a ^ •= b^ t.h'e.r'9 is lOins r6d‘umdant fe’'rjsJit:i‘f'>'f> 

and tht iysteri m^jy be redcc^^d to m + n - 1 linsarly indpendent -quaiion'. 

A ba-5'ic feasible soiiition then has m + n - 1 P' 3 'Sitive ^ j ^ ^ 

feasible solution is found with less than m -- n - 1 positive ^Ij' 

epuracy is ladicatedo The difficulty can be averted by pert^rrbang the 

I • ’Ll in the foilox^ing manner', add a small positive amovjunt € to 

- . ♦•• I leave all b Vs unaltered except for b j> and add t\£ to b . 
i j n n 

irL^ prccedvre need not be employed until degeneracy is inJlcatedo Solve 
. '‘■rbien for a ml'nimum. basic feasible solution^ using the ^ s If 
n - * . yr y ^ 

Att.er the. sclutlca is obtvalned allow each C go to zerOo The ^cl j- 
ci^*'n i-^. tr-till valldo In oar problem^ since each and b^ is a pc-^i- 
five integer , we are assured of a sol'atlon timvvoiving cnly posit ivp in- 
teger s . 

To explain the computational procedure we shall cat oar p'»*:»blem 

step by st.ep« As the initial step^ ve write dov/n the matrix of direct 
cost coefficients and a blank assignment matrix, We shall habitually 
write the coTumo of to the right of the assignment matrix., and a row 

of below the matrixo This procedure will serve to keep the pro- 

j 

blem befo-re uSo 
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If afte.r 



In this exaniple have m f n - 1=8 positive x,/So 

ij 

ra«xi^ made one of our assignments k the aaiiount remainlmig it th? col- 

i j' 

umn j and thac remaining in the row i had /anlshed simultan^^ ousiy , we 

wonld have had a degenerate solution^ except for the case i -« m and j - 

Ho In case of degeneracy^ inclusi.on of the £ perturbation,, as described 

above., will remove it, for then no partial svm of the ^ 

equal any a , or b , « 

1 J 

For comparison purposes we note here the cost of our first basic 
feasible selutiooo 



C, •• 10i4) ^ 10(2) + 40(3) + 10(5) + 40(3) + 20(4) + 39(1) + 40(2> ^ 540 
1 

Next we compute;, for the basic feasible solution just obtained, its 

indirect cost matrix.a Each element c, , of the Indirect cost matrix will 

be the sum or an indirect cost associated with the source (row) and 

an indirect cost v. associated with the destination (column)o Thus 

J 

c. - u„ + V, for all i and jo 

IJ ^ J 

For those pairs 1 j employed in th< trial solution 




From this latter equation we can get some of the entries for the indirect 
- cost matrixo In our example, we get the incomplete matrix below.. 

Indirect - Cost Matrix (incomplete) 
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i :r 



r s r 1 . i ' 



r ^ - 



ut 
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4 ir.c» c: Oj, arbU' 






ml**nTiTiv c. ’ =■ V 3: trim .:h.i •^^■lati'.i. 

X 3 

c V. - V ^ f r £ljL_ 1 ap.c . 

D^^ing 3C v<7- obc'aiir. uh- Indirect coit ’^n'-itr-x :.-i'i'W, j 

hencti: by tbc equaclin n.^ = ^21 eq-^al 2, Then 

and 'C-c ob, umtil all u. and v, are deterirdned Th-. remalmnis 

i j 

c-^Tr.ni:tei by the rf^lation. c, . - u ^ '7 0 

“ ' ‘ i J ^ J 



^2 



1 









Indirect Cost '^iatrix 
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In order ti: f&ci litat's comparison ot corresponding entries in the 

direct and indirect cost matrices, we shall write them together as one 

matrix,, called the cost matriX o In each cell of the cost matrix we 

snail write c. , in tnc ^ppcr h'^if and c , in the lower half, In our 
n Id 

sample problem this . :• ■ following cost matrix for step i- 
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Cost Matrix 
vSt^p 1; 
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;5''. 

'^■X' 
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. 1 • 


1 1 
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2 1 

f 


y 
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(9 
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—5 

i ^_. 


0 
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entries -db^ve 


tbe 


diagonal are c . . 

ij 


X - 


1 

J 


0 0 0.4 






j 


i. 


0 0 0,5 


L.it:rif::f bf^lcw 


tV>= 


diagonal are c , 


i ^ 


X 


.0 0 4 






ij 


j 1 :. 


1, 


X 

0 ^ 



The colump t . c..'*. cc I aoA ^ 3o 

The adcitional row bel^^w is *^he row of "^"j***“ Thes=£ addiiiortc^ are 

includ(ed foT convenience « 
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Ws now Icok at those cells in which c, . > c » If there art? 

1 j i j 

the basic feasible solution we have chosen is a ccst s : i ;a annd 

cur problem ts solvedo If c > c_, for some i and 5, wiiU tc 

ij tj 

determine 

M = max c . , - c , , 

<.*3 ij tj 

In our case M = 4 ^ for cells (1^2) and l„ 4 >s, encircled in our cost 

matrix^, step lo We wish now to assign to one cell ccrresponding to Mj, 

1 

■%n aiiount Q as large as possible consistent with the requiremant 



that all X, . be ncn-negative^ and that ^ x 



ij 



a , 



Aiad 2 X 



3 



i j 



j 



If we increase the assignment in cell j^) by mast decrease 

by a corresponding amount the assignment lo some other cell o-f row in 
order to meet the latter constraints abov6o This adjustment will cause an 
unbalance lo a different coliimn; so we most continoe this compansating 
procedora until we complete a cycle by decreasing by the afslgnmert 

in some cell ii, 1 

I' candidates for the assignment cells 

fl^2' . : n • -'c .-arbitrarily choose cell (1., 2) and formally eater 

therein, becav^' not yet : r w its valutc Making the required ad~ 

]ostm',?ncs we the •issignrns^nt m.atrlx in the following Interim form, 

Ihs cycle we hav- followed, alternataly adding and subtracting ©3,., 

1 ' 



U,?K, <i, ! ^ : I ( h 2) 



I lae subscript i refers to the first IterarioHo in ^subsequent 
It'f ratl‘‘ *-^s we use ©2- ©.^0005 until the problem is solvedo 
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Irt eacii vterat'i;C':i. at this point there will always be aic least fw- 

entri^^:. Tx - 0 1 We make O as large as possible, ber-pl-.*' 
ij 



r.1 



^ in the present example (9 ^ r 10 it. ord-^^r for rcrr-'.tiLi 



nsn-negat ivOo Hence we set 0 . - 10 and get c.he rew ass4.-,nment matrix 



sh':.'‘Wn be low* 



Assign.rent Matrix (step 2) 
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'>f ni. 



cclurr • '-ccitcd In a new_. basic feasible scijition, ^vc ha%>*' 

p->sitlve and ^ ^ Oo If^ at any stage^ the int rcdu'::t:..on 

':'• to one route causes two or more positive x, to ^"amsh 

r 1 



d-. ..rr.'v I indicated.. The iaclusion ot € perturbatior-,, prevloi-s- 

iy dc.‘ scribed^ will eliminate the degene racy o 
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lov wr rewrit* ‘oi assignment matrix \step 2. and i 



^ b-z- ciared 



0 . ] I • r ' X 



V sc Matrix 
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Step 2 



Assigrrmcnt 



a. 




have again encircled two possible routes for the introduction -t ^2 
Again on choice is somewhat arbitrary, but route (^,-2) has the r 

direc’^ cu=-t, hence^ we choose ito We have indicated the plus and minus 
aboveo From the assignment matrix ve see ^ 20^, in order 

that not be non~negativec We let 0 2 ~ ^0° Continuing this 

process. go through the following iterationSo 
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I 

I 



For 6, h - ma> (c , , - c, = 0. and the wazrxK 

£j- IJ iJ 

represents a c^o««t..on. Ite cost is 

C ICti/ 20* 2, » + 10<(5) -t 30;2v ^ 40*1 3^ ^«j i ♦ iO h * 

^ 30 • i ; 

ss iO ^0 50 4- 60 -i- 120 + 40 4- 80' 30 

^ 4 30 

2 11].^ Ferd - Fj iRersc-n Algorithm^ 

Two ’Tirttru.ce.s are carried alQ>Bg'^ 

il) TV'€ cost-weight ^:^acriXo This is the ‘originial cost tnatrix C 

with *'veigr-r s*' attached to the rows and colurcn^o 

(2^ An additional matrix of the sam% size -as C calli-i the zero 

mattixo This matrix is used in 'making tb>5 assignments^, i.. S-o ch-ic-sing 

the positive x '^So With each row we associate a ‘‘^sorpl'ig'S*'' and with 
1 J 

each columa a ‘'^shortage*' iritlally these are the a^ ani of tre original 
probleiru Consider the pro>blem previou^sly given which is sjimmarized in the 
foi lowing t ableauo 
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fo rh« cost-weight matrix -ird the initial z.ero 

• ! m:"r. Prepare iw': mutrice.^ :f tit c. sl^.eo 

I c:*sl matrix C ^ l 1 o Leavve the O'thi? b^ank 

i j 
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t' Icit list Iratlal A'^ro^^ rr t‘jp ll^v 

u rcd'g'a^ & , 
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j • ^ •_ c-r. rcv^ of the cost 
X ' ^ ^ , X.V - ^ ^ iJ-?!' wt Igbil for 

p'-iC? circl^;fs in the zero 
these i^rast viaiuies in the cost 



niatriXjj plc*^ jct th-* :'t*T 

that rO'Vo L*t.e;p 

matrix oor respc'ndiKij? to each app'" s I’i 
matrtXo (This step has ais- dc^i 



3 'tOV-^ > o 



Ilr-n wiiffi -each column in the zero matrix cl^jt centaur i - -irc''. 

associate a weight of zero and enter these weights in appt :..pr sate po;,!- 
tioiis iTi a row above, the cost mafriXo For each a 

r ■•: i : .. c n three in the example^ see matrix belcw) tjr>pv_..r,^ each 

I li ■. .Take the minimum of t‘n:s-, It i enter its 



* t.t'' r rcltmn weight for the Eoter ciirlos in the 5^tto 

matL'.x. i.1' h«: -..llr co'r re -^ponding to thes-. rmimal vi};.: ■•: Viiz -3 : 

attichi'* :. .^ch ro-w and each column 3ur -. oiarirF •;. : '- '.:, ->•: i;.- 

r-r.bed as ^ 33t-weight matrix^ It will ber^aft'^'r he c. ce c -d 1^2- 
S'ilts cl " r*;.^\rig st^^n are shown below f-T ^ ;r 
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"L3 icep 'I'.ay be thought of as partially satisfying shortages 

in c ,e columns from svi^rpiuses in the rows, using only ctrcled positions 
a‘' shipping routeSo This step is accomplished as follows^ 

i'-'-n tb- first row for the first circle appearing in ito Determine the 
mi.niT-w.ai of the surplus for that row and the shortage for that cclanm. 

Enter this number in the circle and simultaneously reduce the shortage 
and '"jrplu'' by that amouoto Then continue t\o the second circle and so 
cn /Jren the first row is completed go to the secondo Repeat until all 
rows ha've been scannedo Applying this procedure to the zero- matrix of our 
prchlem yields^ 
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I M .’ ''ed j-r^ .ta-^TS ui>: ^ ^ - 

*^ '- • ' * "■ •'lii!-£.'’'’'ti^‘' J ^'Hl2-' L -lK*l ll- ~'^ '^ l'^ t.; . 

’. .V. ' bv. dlscuosen b^.icw *!;■'’: ■. ., . t ■' ^ c^:.. i rb: 

l^b^l i--> » r 

'^rai ' V'”/ i-Mv-iing the rows which still . CDrpItkv''r„ (i^r :, jr £K£?ripl£; 
thcr. *.-, c .".J t;-e label (P ,1 .• f.^ e2;*h 'v'-'r;. rji'. wSere jZ 

ij 

i.v ^■*'- . f ■? : t'Tplu'S In that row. C the column of sur- 

c 

p . . , . « ^ ^ . example thi.^ &tep th^s f'cllow-cg diagr^im 
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et' rtt'-r 7 t ,C b- t‘..i :.rr-cL'' tc as the '■'p.jient Ic 1 i.Low'‘ 

asset ■ ••'■-' ^b^ 

!<■.. xt r i' ‘ ' . initial elem. *rz labeled at 

point o taV • each ! - Jcd row and sw^^ep along it l-'^ckin?? for circles 

in currer^tl"^ un .i.aDelev' cc/l'jninSo If ^'.uch a circle ts found label chc 
column containing it /f \) where f is the potential flow associated 
with the row being scanned and identifiers the rowo Results of this 

step re be low 0 
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The number f will hereafter be called the •"''pc-tentTi.al flcw*^ assoc- 
iated with the column,. 

Uhea the rows have all been scanned tarn £o the Bewly labeled columns. 

Scan each labeled column for circles containing po'Sitive extcrles but not 

appearing in a previously labeled rowo ‘ Any rev in which such a circle lies 

is given a label {JL ^ C ,) where C, is the colK^mn being scanned and 

J J 

Jl^ is the smaller of the potential flow of the column and the entry in the 
circle,. Column scanning differs from row scanning in two ways. The circles 
must have positive entries^, and Is computed dif fet'ent ly o Applying this 
step to our example^, yields the following diagram! 
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Having scanned all newly labeled coiuir.ns we t^iirn again to the rows 
scanning the newly labeled ones as before. C^iittruu? prvceditre 

scanning newly labeled rows and coljmns lyrci c r' *r ? oreakthrough is 
achieved or no nev; labeling is passx,biea Wnen scaamri)-? row #3 we achiev- 
ed a breakthrough vi e labeled a column that had a shortage)*. At that 

point the matrix was labeled as bel Wo 
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EreakthrouR h 

We stop labeling when a breakthrough Is achieved and make adjust- 
ments in the allocatlonSo Suppose we have labeled a column which has a 
shortage^ s, with the label (f^ R^)<, In our case s s 60 and the label 
is (30^R^)o This means that we can increase the flow to the labeled 
column by an amount h = min C®s»CI ® following procedure is usedo 

(1) Decrease the shortage by an mount ho (30 in our case) 

(2) Look at the label (f,R.) a^'d increase the entry in the circle 
where row i and the labeled column intersect by h units , 

(3) The label on row i designates a certain column^ jo Decrease 
the entry in the circle where row t meets column j by h unitSo 
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(4) Obtain a new row from the label on colt^irn j and increase, 
continue alternately increasing and decreasing nue ^vr,yjnts in 
circles by h units until a row Is re.acred w^'ose label is 

K t, 

(5) VJlien the indicated surplus is reduced by h units^ this process 
IS completed c 

Applied to our example these steps pr'>jduce the toUov/ing matriXo 
Arrows indicate the **'path^* we followed in the adjustment process^ 



Jfj, at this point all shortages and surpluses are zero^ the 
problem is solved^ Otherwise^ remove all previously applied labels and 
commence the labeling process anewo 

Next time aroundg we exhaust all possible labelings without achlev 
ing further breakthroughs and have the matrix shown beloWo 
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Although we have labeled all except one row a.r?.d o-m colw*n, we 
have not achieved breakthrougho At this point we our artenicion 

to the cosc-weight matrix which provides a means o£ proceedingo 
Non-breakthrough 

We now change the weights on the cost-weignr matrix, by sultracting 

k units from the weights of the labeled rows and adding k units to the 

weights of the labeled columns o The value of k is determined by taking 

it as large as possible subject to the constraint c. . + w, ^ 0 

where c, . js the Ij entry in the cost matrix and w is the row \^?eight 
1 j i 

is the column weight o The determination of k can be accompli shad 
as follows 

Take up the cost-weight matrix but ignore for the time being all 
labeled columns Shadingj^ covering^ or some other distinguishing mark- 
ing is recommended for the labeled ccvlumnao Foi each entry In each label 
ed roWj, compute the algebraic sum of it, its row weight.- and its column 
weight o The minimum value obtained this way is ko Enter circles In the 
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z^xo matrix in ton a correj^p^nding ro thi^ 7 . 1 : , wt ctDp?l> 

t ^jr 6> .ople. C.if ,k ma’rV.s drnot* 1* d r * 
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k - 2 

-.■< • all coivimns have be;-.n labc-lcJ exc-^p' ^ con- 
sider ■■jiy i.itlGns and 1^1 3). Ne- are placed in 

P?sttlons ^,2 3 V and (4,3)s> indicated tempcTarii y by dltimonds In '^ero 
matrix. So^btract k fi[ :>n each labeled row's vnght. and add k to each 
labelec c'^lmnn'^s weights Now looking at the zero Tfatrix- we ignore all 
labeled rcws and rerno’^ e all circles renaming in inbelc*' c:lj!fT':.5 Only 
ciT'^Ie in p*' on (3,. 2.) is -o ce'noTC^.u In c^r cas^'.. It has been ct*' 
pI oiit .'itcve. a check on the procedurt thi.‘ proc-^^’S! ciould never 

lead tj ':be i .»v>I of a circle with a prv^itivc- <ritiy 

above procedures provide us a new zei: matrix with which v;e re- 
commence the labeii.ng procesSo A new cost-weight .Tarrix \s also shorn 
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With v^ry little labeling we 




chi- brc r’Kt 1 roagh into column 3o 
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30,^) 




This breakthrough provides us the needed 30 units flow to column 3, and 
the problem is solved^ All shortages and ‘Surpluses are now ^ero„ 
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M ^ n. - 



'TV'nima is t . 1 . *^5 



^UO) ) . 4 - '40 ^ ^ •+ . 3 ' ? 1 



\,3Ui ii) 



^ 430 



This 5 the tjamc CL-^t as :;htalned by the otbe.r methods, aC rriUSL be 

rhe above description is really moTe than the actual jse ct 

the iilgorithm Once the ground rules are understood, the manipulat ion of 
the matrices is not difficult The authors of this algorithm stare tney 
c^tmpleced a 20 x 20 optimal assignment probl-L-m In about 30 niriutes ?f 
hand computation The same problem by the simplex method^ required well 
over an hour. 

3o The Munkres Algorithm, 

Because of its basic similarity to the Fot<i - Fulkerson method, 
this algorithm will be stated compietely. and then the example will b: 
worked out, Munkres statement of the problem Is given to speficy his 
notat lOHo 
Let 





subject to 
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T'^'C itatr'f-r.t t^'e a Igo r !• ‘ '^ir^ctiy 



Mir K re:* p«tr<-?/. ''ALr^-r. 



r'f 1 :-r th 5 ' AsSifeTT^. : 



rr :■ . r 



- i 



fJe wcrk witn tL^:- cost * x D - ^ 

problem will dist ingu.L ceitai^ liloe’: 
t^iieoi -,cvc re^d lincS^ we will dlst..ig,j ic 

of the ma’i. rix by mean<? of asterisks a'*d pj 
will aes^gr: co ea*^’a e.lom*=\'t r< ■ ^■ 

w^ica ?r*.y" b»; cb-.r»^^ d ’ . ri *■ 

Df taC ‘TiatklX wno:>v :;tj. .'A ■ 

el.merts will ^ilw^vs be al 

number c„ - ^x will b?-: called ere 
cel"mn at'^ttiat stdge^, and the ou-b. * 
of the tth rewo These discrepa'i^n • ' 
when they all vanish,^ th<f^'. cerresp o'.r >0' 
probl^nio 



Tn the c.^rs^- 



th--- 



'if the matrix calljrg 
c' ^^.rtain zer': s 

r Tn addition we 

^ < ' • 1 r •f v’, *: i . I V “ 0 u o t '-=^ x 
< ' ' j. i. i 1 ♦' mv r* t ' 

1 ^*; ..ii.!,cd g_.> (tL‘-se 

: ^ f 'ih-' p r '•»b L^-rr^ , I he 

: '■. Jj: »■ . =: ,. V "'>£ the jth 
^ K IS tbe discrepancy 
.A,: h-a V s j e n o-n - n <1 ga t i ve ; 

•.to are a silutt^r to t^e 



We shall construct a die^gcnal tr^ e^icn • *. - -'rix and place 

the d below and the co>rrespoBding x , abov-L t..r 'J.ia)^,onal .. Initial 

itj ' ij 

discrepancies (the r„ and c /) will be written to the left and above the 

1 j 

matrlXo Discrepancies at succeeding strag^c ■_ within dott^^d 

lines with row discrepancies to the ng-’. ••!.-*■ J: •crepancie-j below 

the cost matrix We will derH'^^Cf row .repancies A . column dis- 

i 

crepancies,, as ^ ^ i ^ . - -rn. j 1. i innecessary 

.I 

cluttor zero •quoti<s will not be shown explicitly,, b-nir wj^ii be implied by 
a blank above the diagonal in each cell who/fe a zer^ qrcta is assignedc 
Preliminaries 

All quotas are zerOg no lines are covered^ no zeros are starred or 
prlmedo 

Subtract from each row o-f the matrix D itf smallest entry, then 
subtract from each column of the resulting "ir.allest entry „ 

Find a zero Z in the matriXe If the discrep<^-.iCies of both its 
row and its column are posit ive^ increase the quota assigned to Z 
until the smaller of the two discrepancie':* reduced to zero 
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Repeat 



f-Qr •eac^ ia tfc Then co\-?^r everv -“ 31 -tt. discrepancy 

fs 



Step lo Choo6f a s7cn-covered zero aad prime :to ■' te r^w c*.TiCAi">* 

itig* Ito If the discrepancy cf’ this row is at once V: s:ep 2o 

Otherwise (if the. cow discrepancies is zero]? cev^e:: rhn rowo Then star each 
twice covered essential zero Z In the tew and .n:. ;j.r ? col'imTi. Re- 
peat TOtii all zeros are coveredo Go to .;5tep 3o 

Step 2o There is a sequence of alternately starr-r^d and primed zeros con- 
structed as fcllcws. Let Z denote the uncovered O'* Is only one> 

D 

Let Z„ dtnoce the 0'^ In Z column : f ar^yn Let 7^ d^'note the 9'^ 

) O '' 

in Z.^ * revo Let denote the 0-^ in ^ 2 ”^ 'oiamn . li: any . oimilariy 

continue nnttl the sequence stops at a OV, 

column* Since r.c column contains more than one O'^ ana no r:-w more than 
one 0% this sequence is uniquCo It may contaiiii only r-Due alemento The 
discrepancies of rov i£. positive that ^ ^ column is positive:,, 

and the. quota assigned each 0^ of the aequence Z .000 Z^. is posiciveo 
Let h be the smallest cf these positive memberSo Increase the quota of 
eac.h 0*^ in the sequence fey n,, and decrease the q "ota of each O'^ in the 
sequence^, by b* Eraser ail asterisks and primes* Unc.»V€^r ail rows and 
cover every column whose discrepancy is zei'w Return to step 1. 

Step 3o let k denut^* the smallest non-cove^ed element, of the matrix; it 
will be posit iV6o Add k to every covered row dnd subtract k from every 
uncovered columno Return to Step Ig without altering ary asterisks^ primes 
or covered llneSo 

Our sample problem will be stated in 'f^junkres notation and ^.clved 
according to his algor ii.thm 
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It of Step 1 
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KesLJ.ts r "‘.-r 2 ubsc^-. '* i 
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lor of seep 3 our 



-e*.ppl .'i-nf s.€p 3 tt. 



L.'^r.C'S -^n tV.-: m'itr:>: ^nly in Cri^' ^ ^ 3* 

beceme 2 0,. 0 respect i iy. We prime -rbc e-^rc ir ■ - 



:pp'i 7 step 



2 t^ltb h - 33 and e.. r -sclation is. 
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The cost IS ^30. as 

The similaticies between the latter tw^D algorithms is apparent in 
the manner i,n which tte solutions developed 
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APPENDIX E 



SOLUTIONS OF A MAXIMAL Fi,GW P? )bl'ZK 



I General 

In tills appendix we shall present a small . apsti citatad n' twork 
and d'^re^nane the max^nai flow tberei*:. by -JiSing tetn: .^qjes described 

in Chapter III il vjsrk the problem by che flooding techniqjc 

and second by *jising the minimal -cut procedure o In each instance^, we shall 
restate the essential features of the technique employed. 

2o The Problem c 



For the network shown above determine the r^^ximurn :t-‘’ady-state flow^ 
from origin a tD terminal b. 

3 The f . ‘d ^ Flooding Te.hra i 

origin^ assign - fl-;ws to all arcs 

•.caving the or>>:ln to s^tturate tb,.ro i . r :fc jv.'n:tlon points as 

new origins and, start with tit ^obje^r to MLc greatest capacity 

constraint, schedule units vjheuever no'^siblc xn the £:‘Howing order: 

lo Forward - ^ j^ncclcn thrjj/jh .ni' outgoing arcs« 







f 6 



i 



Laterailv - t other points ot the iset 



6 ? 



3 



’ >5ottlenfeckpd' - if v;nts arc left *vtr ii.ep^. 1 at.cf /, 

i,e, if 'i’ vuCf. 9 Jng and lateral arcs .i* ?a'...3r<?d 

Coptxruc the above frccedure cncil th 'u t* w c^'/cf ■■ . ■. • 

complete retwork and reaches the tent.iral 

Eliminate bottlenecks by returr.iTLg all e>ca'': enlts to the origto 

The validity of the solution can be checle.c by tnspecttonc If a maximal 
floxi? has been achi.evedj there will be nc eootlnuojs unsaturated path ex- 
tending from the- origin to the terminal, 

-i : ...rior '"olvdyreff s Flooding Technique 

eg A. 

\ 

H . b 



7 > 



The above represents the result-- x' first tv?c sragrs t f- ‘odlng 
Bottlenecks;' 6 at junction c; ikj .it j?jx"iCtion do 

All arcs arriving at points two arcs removed from Che origin are saturated. 
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Fi^rther application yields fic bei ’ ' i' ti.r .-by ,r 

arcs rl '^wn ■** t : I .•■:p'**“l^y *->*• 




One addition^*! unit xs bott leneclked at point fo 

Return bottlenecked units to origin^ and tne r*;*axl3T;r^jm flow is seen to 
be 28 units. 

5* The M 1 1 -Cut Procedvjreo 

Let T be tae chain joining a and b vvhlci, ts t 'pTHC r*. r: ImpoS£ 

as la-rgr •. flow as possible (T^ on this chain, thereby saturating 

one of it arcs 

Subtract from the capacity of each arc of T\ 

u 

Remove che previously saturated arc whose capacity is now zett- Record 

Continue this procedure. Eventually^ the graph will disconnect and 

the maximal flow is established as; 

F ^ T k . 1 = 1 , , o . „ n 

\<fhere k is the amount of flew necessary to saturate the topmost 
1 

th 

chain in the i step, and n is the number ot steps required 
for the graph to dlscomiect^ 
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Solution by r.b.e Knmom-Cut. Procedure 



Step 1 




= (a„c,£,e,h,b) 



= 1 



kQ 



Srep J 




‘^3 = j.h,b) 

Step 4 



e 




h 



Arcs ej and hb can no lender contr to any chain fr^m a b 



They Wi.ll 



Step 5 

C 




I 3 (a.c.d f,j t 



k 3 



Step 6 




X, = . c j d, f . .1 ' 

6 

Step 7 




Step 8 




11 



step 9 





'0 
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T — 












Tg ^ i&.d g.k.j.o 



\ . ■- 3 



Step 10. 




Tjq - (a,d,g,k,b) == 2 

On completion of thl.is -.st-iip the graph d tsc-cnrie -t s . 
The capacity of N is glwn as. 

Cap(N) 8i'l+3+2T3'^2Hh2+2+3+2 > 28 
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APPENDIX C 



GRAPH THEORY 



In Chapters 11 ^, and 
of cbe mathematical theory of 
theorems from this theory in 
statements in the texto 



IV of this thesis we have asad the 
graphSo We liacltuyde here definitions and 
order to amplify and clarify some of our 



1 . DEFINITIONS. 

A Q;rap h a finite^ one -dimensional complexj, consisting of 

vertices and arcs tA(ab)^ ^ ^ o » ^ cT(c£)o 

An arc cA, joins it end vertices a and b; it passes through 

no other vertices and intersects no other arcs except in ^rertlcer. 



A chai r, (path) is a set of distinct arcs of G which can be arr^rnged 
as r\(ab)^ ^ (be)., .00^ cT(gh) where the vertices aob^Cj^ooo.h distinct, 
A chain does not intersect itself and it joins its end vertices,, a and he 

A cycle is a set of distinct arcs that can be ordered as cX.»ab),^ 

P (bc)s,occ5, y(ef), the vertices being distinct as in tl^.e case 

of a chain 



A graph is connected if ea’ch pair of vertices is joined by a cnain 

A forest Is a graph containing no cycles, and a tree is a c.onnected 
forest 

We may associate, with each arc of a giaph a positive numbei called 
cap ac ity , 

graph G togetr.er with the capacities of Its individual arcs, is 
• 1 i - • oe tw ork 

directed graph is a graph In which each arc has a 
di^-e-i i;jp. In s^mh a graph. CA <ab> and (ba), if they both 

exr . .< • ]... r met . 

l\ some applications with oriented graphs it is desirable to dis- 
tingaisb certain subsets of vertices as origins and certain others as 
dest inr-t ions Other names used in this connection are origins and ter- 
minal 3 and sources and s^nks. The word terminals is also often used 
t-" d’ clinguish a subset ef nodes In a network, the remaining node;^: being 
j i\T : t ion points. 
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A two- terminal network is a network in p-‘*nx'« r ..nfod 

and distinguished botr- from each other ^na ir .n tn- r-^fL- roir ; p- ir/r ^ - 
Usiially the first of these points is CdKsc tb,i s tn- '*a 

called the sink ^ 

^ ^hain flow from a source a to sink b is a crupie 0 >; 
of a chain joining a and b and a nO'ini-negat i ve nu*nber ^ r-'pres^n- ; ’-■ : :.8 
flow along C from a to bo 

A network - flew is a collection of eba^n flows whi th lias the pt-'-’per? v 
that the sum of the numbers k of all chain flows that contain any arc Is 
no greater chan the capacity of that arCc If e.'iuiaiity holds the arc in 
said to be saturated by the flow, 

The flow in a two-terminal network is said to be uni-di rectlona l if 
among: all the chains from source a to sink b ail chain flows >ccur ro 
same direction in any one arCc 

2 DISCUSSION 



It is often desirable to associate an abstract graph witu a c - 
logical graph Q3 ^ This can be done by riprei^evit Tng each ^»ertex ' 
as a point in Euclidean three space and each arc as a curce jolninij 
end vertices. In keeping with the definitions above ccr^e': d-* r'l 

Intersect except at verticeSo A graph is said to bs pla.rar ..f the exit- 
ed topological graph is planato^ Whitney Ll3 gives other criteria fj'* 
determining whether a graph is plaoar<> These criteria are stated la 



following two theoremSo 



Theorem lo A graph is planar ifj, and only it has a dual 

Theorem 2« A graph is planar if^ and only if,, it contains nait^er t-.i? 

following two graphs as subgraphs: 

(A) G'’ consisting of five nodes a,,b^c„d e. amid arcs connecting eicb 
of these lodes to every other one by a single arc or a saspend'-d 
chainc (NotCo A suspended chain is a chain in which only rl* end 
vertices are met by more than two arcs.) 



(B) ^ consisting of two sets of three nodes each a and d-* i 

and arcs connecting each of the no’des of the first set to every r^.^c 
of the second set by a single arc or a suspended ch^lro 

lo A topological graph is planar if it can bs mappr-n l-i 'nto a nlan: •:? 
a sphere o 
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Grapa G is a r<-pr : ^ ^ ^ r ^ cl- • * •' • * 

c^raph ttiejty - ; hd r *=• watt i i. , ' . 

Repre sencat i . 

An obvious represer f at 1 ' -ni 'f a grape ? jt v.. a* . 
are used to represent nodes and lines to r-gpre^ert ar^ ?■..•:! .^ 

be sbown as nuinbsrs adjacent lo the arcs t: ^ -'I'v* * . 

tion IS usually denoted by arrows. 

Another representation of a graph Is a fqud»: natdl/. 
the rows and the columns represent riideSo If we desire ^ .t 

graph G by a matrix L ^ , then ^ ^ - i ttr ^i, . ^ . J * 

In the graph and zero otherwise, v^e :•. 

capacities by replacing the Fs with numbers wh’ oh t-pecsert ■-.-v: t<i jieS' 
In an oriented graph ij may differ from ^ji - tact. -•'•■: ••- 

positive and the other zerOo 

Another matrix representaf un of a graph an itridi'/'-. *r.. 
this matrix the nodes are represented by tbc b; . 

say an arc is incident on a node (and vlce-c^ersa* ii V' t - 

the nodCo In an oriented (directed) giaph we say th^t an arr f *- •. 
in to a node Is positively incident on that ac ^ .h c !i -*ut 

from a node Is negatively incident on it If we repr^r* t p 
cldence by a -^-1^ negative incidence by a - 1 ,. ard 'r*' 'o ^ * 

then in the incidence matrix of a directed graph 

and one -F Rows which represent oxigip:^. •v'..* ; 

row o-f exclusive]/ 4-1^'s would Indicate a terminal .*<’'• 

be. represented by rows containing IF uf mix«a signio 
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